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2π -periodic solutions for a class of nonlinear nth order differential equations with delays.
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1. Introduction
In this paper, we study the existence of 2π -periodic solutions of the nonlinear nth order
delay differential equation
x(n) +
n−1∑
j=2
ajx
(j) +
m∑
i=1
hi(x)|x′|2βi + f1(x)|x′|2 + f2
(
x(t − δ))x′(t − δ)
+ g(t, x(t − τ(t)))= e(t), (1.1)
✩ This work was supported by the NNSF (10371034) of China, the Doctor Program Foundation of the Ministry
of Education of China (20010532002) and the Key Project of Chinese Ministry of Education ([2002] 78).
* Corresponding author.
E-mail address: liubw007@yahoo.com.cn (B. Liu).0022-247X/$ – see front matter  2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2005.04.029
B. Liu, L. Huang / J. Math. Anal. Appl. 313 (2006) 700–716 701where hi (i = 1,2, . . . ,m), f1, f2, τ, e :R → R and g :R × R → R are continuous func-
tions, τ(t) and e(t) are 2π -periodic with respect to t , g is 2π -periodic in the first variable,
δ, βi (i = 1,2, . . . ,m) and aj (j = 2,3, . . . , n − 1) are constants, and βi  0.
During the past twenty years, there has been a great amount of work in periodic solu-
tions for the high-order Duffing equation
x(2k) +
k−1∑
j=1
ajx
(2j) + (−1)(k+1)g(t, x) = 0, (1.2)
or
x(2k+1) +
k−1∑
j=1
ajx
(2j+1) + g(t, x) = 0. (1.3)
Many of these results can be found in [1,3,4,9–11,13] and references cited therein. Among
the known results, we find that the assumption
(H˜0) g(t, x) is continuous and there are positive constants m0 and M0 such that
m0 
∣∣gx(t, x)∣∣M0 for all (t, x), (1.4)
is employed, and it plays an important role in the proofs of these known results (see, for
example, [1,3,4,9–11]). It is easy to see that (1.1) includes (1.2) and (1.3) as special cases.
Moreover, when n = 2, hi(x) = 0 (i = 1,2, . . . ,m), δ = 0, f1(x) ≡ 0, f2(x) = f (x) and
g(t, x(t − τ(t))) = g(x(t − τ(t))), Eq. (1.1) reduces to
x′′ + f (x)x′ + g(x(t − τ(t)))= e(t) (1.5)
which has been known as the delayed Liénard equation. Therefore, we consider Eq. (1.1)
as a high-order delayed Liénard equation. Arising from problems in applied sciences, it
is well known that the existence of periodic solutions of Eq. (1.5) has been extensively
studied over the past fifty years (see, for example, [2,6,15–18]). However, when n  2,
δ = 0, τ(t) ≡ 0, g(t, x) = g(x), hi(x) ≡ 0 (i = 1,2, . . . ,m), and f1(x) ≡ 0, the study of
Eq. (1.1) is rare.
Thus, it is worth while to study the existence of the periodic solutions of Eq. (1.1). In
this paper, using the continuation theorem of coincidence degree theory, we will give some
results on the existence of the 2π -periodic solution to Eq. (1.1) when condition (H˜0) is
avoided.
If n is even, let n = 2k, then Eq. (1.1) becomes
x(2k) +
2k−1∑
j=2
ajx
(j) +
m∑
i=1
hi(x)|x′|2βi + f1(x)|x′|2 + f2
(
x(t − δ))x′(t − δ)
+ g(t, x(t − τ(t)))= e(t), (1.6)
If n is odd, let n = 2k + 1, then Eq. (1.1) becomes
702 B. Liu, L. Huang / J. Math. Anal. Appl. 313 (2006) 700–716x(2k+1) +
2k∑
j=2
ajx
(j) +
m∑
i=1
hi(x)|x′|2βi + f1(x)|x′|2 + f2
(
x(t − δ))x′(t − δ)
+ g(t, x(t − τ(t)))= e(t). (1.7)
For ease of exposition, throughout this paper we will adopt the following notations:
|x|p =
( 2π∫
0
∣∣x(t)∣∣p dt)1/p, |x|∞ = max
t∈[0,2π]
∣∣x(t)∣∣, a+ = max{0, a},
‖x‖ =
n−1∑
j=0
|x(j)|∞, x(0) = x, f ′1(x) =
df1(x)
dx
,
h′i (x) =
dhi(x)
dx
(i = 1,2, . . . ,m),
A1 = 1 − a+2(k−1) − |a2(k−2)| − a+2(k−3) − · · · − |a4| − a+2 ,
A2 = 1 − a+2(k−1) − |a2(k−2)| − a+2(k−3) − · · · − a+4 − |a2|,
A3 = a2k − a+2(k−1) − |a2(k−2)| − a+2(k−3) − · · · − |a4| − a+2 ,
A¯3 = 1 − a+2k−1 − |a2k−3| − a+2k−5 − · · · − |a5| − a+3 ,
A4 = a2k − a+2(k−1) − |a2(k−2)| − a+2(k−3) − · · · − a+4 − |a2|,
A¯4 = 1 − a+2k−1 − |a2k−3| − a+2k−5 − · · · − a+5 − |a3|.
It is convenient to introduce the following assumptions:
(H0) There exists a constant B such that (−1)kxhi(x) B , i = 1,2, . . . ,m.
(H1) There exists a constant L such that L 0, and (−1)kxf1(x)−L for all x ∈ R.
(H2)
∫ 2π
0 e(t) dt = 0.
(H3) f ′1(x), h′i (x) ∈ C(R,R), (−1)kh′i (x) 0 (i = 1,2, . . . ,m) and (−1)kf ′1(x) 0 for
all x ∈ R.
(H4) There exists a constant d1 > 0 such that (−1)kxg(t, x) > 0, (−1)kxhi(x)  0 (i =
1,2, . . . ,m) and (−1)kxf1(x) 0 for all t ∈ R, |x| d1.
(H5) There exists a constant d2 > 0 such that (−1)kxg(t, x) < 0, (−1)kxhi(x)  0 (i =
1,2, . . . ,m) and (−1)kxf1(x) 0 for all t ∈ R, |x| d2.
(H6) There exist constants b and A such that
lim sup
|x|→+∞
∣∣x−1g(t, x)∣∣= b < A − L
4π
.
(H7) There exist constants b and A such that
lim sup
|x|→+∞
∣∣x−1g(t, x)∣∣= b < A − L
4
.
B. Liu, L. Huang / J. Math. Anal. Appl. 313 (2006) 700–716 7032. Several lemmas
Let us introduce the auxiliary equation
x(n) + λ
[
n−1∑
j=2
ajx
(j) +
m∑
i=1
hi(x)|x′|2βi + f1(x)|x′|2 + f2
(
x(t − δ))x′(t − δ)
+ g(t, x(t − τ(t)))]= λe(t), λ ∈ (0,1). (2.1)λ
Let
X = {x | x ∈ Cn−1(R,R), x(t + 2π) = x(t), for all t ∈ R}
and
Y = {x | x ∈ C(R,R), x(t + 2π) = x(t), for all t ∈ R}
be two Banach spaces with the norm
‖x‖X = ‖x‖ =
n−1∑
j=0
|x(j)|∞ and ‖x‖Y = |x|∞ = max
t∈[0,2π]
∣∣x(t)∣∣.
Define a linear operator L :D(L) ⊂ X → Y by setting
D(L) = {x | x ∈ X, x(n) ∈ C(R,R)}
and for x ∈ D(L),
Lx = x(n). (2.2)
We also define a nonlinear operator N :X → Y by setting
Nx = −λ
[
n−1∑
j=2
ajx
(j) +
m∑
i=1
hi(x)|x′|2βi + f1(x)|x′|2 + f2
(
x
(
t − δ))x′(t − δ)
+ g(t, x(t − τ(t)))]+ λe(t). (2.2)′
It is easy to see that
KerL = R and ImL =
{
x | x ∈ Y,
2π∫
0
x(s) ds = 0
}
.
Thus the operator L is a Fredholm operator with index zero.
Define the continuous projectors P :X → KerL and Q :Y → Y/ ImL by setting
Px(t) = 1
2π
2π∫
x(s) ds0
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Qx(t) = 1
2π
2π∫
0
x(s) ds.
Hence, ImP = KerL and KerQ = ImL. Denoting by L−1P : ImL → D(L) ∩ KerP the
inverse of L|D(L)∩KerP , one can observe that L−1P is a compact operator. Therefore, N is
L-compact on Ω¯ , where Ω is an open bounded subset of X.
In view of (2.2) and (2.2)′, the operator equation
Lx = λNx, λ ∈ (0,1),
is equivalent to the auxiliary equation (2.1)λ.
For convenience of use, we introduce the continuation theorem [5] as follows.
Lemma 2.1. Let X and Y be two Banach spaces. Suppose that L :D(L) ⊂ X → Y is a
Fredholm operator with index zero, and N : Ω¯ → Y is L-compact on Ω¯ , where Ω is an
open bounded subset of X. Moreover, assume that the following conditions are satisfied:
(1) Lx = λNx, ∀x∂Ω ∩ D(L), λ ∈ (0,1);
(2) Nx /∈ ImL, ∀x∂Ω ∩ KerL;
(3) The Brower degree
deg{QN,Ω ∩ KerL,0} = 0.
Then equation Lx = Nx has a solution on Ω¯ ∩ D(L).
The following lemmas will be useful to prove our main results in Section 3.
Lemma 2.2. If x ∈ C2(R,R), x(t + 2π) = x(t), then∣∣x′(t)∣∣22  ∣∣x′′(t)∣∣22. (2.3)
Lemma 2.2 is known as Wirtinger inequality, for the proof of which, see [16,17].
Lemma 2.3. Let (H4) (or (H5)) hold. If x(t) is a 2π -periodic solution of (2.1)λ, then there
exists a constant d = max{d1, d2} such that
|x|∞  d +
√
2π |x′|2. (2.4)
Proof. Let x(t) be a 2π -periodic solution of Eq. (2.1)λ. Integrating (2.1)λ from 0 to 2π ,
we see that
2π∫ [ m∑
i=1
hi(x)|x′|2βi + f1(x)|x′|2 + g
(
t, x
(
t − τ(t)))]dt = 2π∫ e(t) dt = 0. (2.5)0 0
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m∑
i=1
hi
(
x(ξ)
)∣∣x′(ξ)∣∣2βi + f1(x(ξ))∣∣x′(ξ)∣∣2 + g(ξ, x(ξ − τ(ξ)))= 0.
If |x(ξ)|  d = max{d1, d2}, then, and using the Schwarz inequality and the following
relation:
∣∣x(t)∣∣= ∣∣∣∣∣x(ξ) +
t∫
ξ
x′(s) ds
∣∣∣∣∣ d +
2π∫
0
∣∣x′(s)∣∣ds, t ∈ [0,2π], (2.6)
we have
|x|∞ = max
t∈[0,2π]
∣∣x(t)∣∣ d + √2π |x′|2, (2.7)
which implies that (2.4) is satisfied.
Let |x(ξ)| > d = max{d1, d2}. In view of (H4) and (H5), we shall consider two cases
as follows.
Case (i). If (H4) holds, then, using (2.5) and (H4), we obtain
x(ξ) > d1, x
(
ξ − τ(ξ)) d1, (2.8)
or
x(ξ) < −d1, x
(
ξ − τ(ξ))−d1. (2.9)
Since x(t) is a continuous function on R, it follows that there exists a constant ξ0 ∈ R such
that ∣∣x(ξ0)∣∣ d1  d.
Let ξ0 = 2mπ + ξ¯ , where ξ¯ ∈ [0,2π] and m is an integer. Then,∣∣x(ξ¯ )∣∣= ∣∣x(ξ0)∣∣ d1  d,
which, together with (2.6) and (2.7), implies that (2.4) is true.
Case (ii). If (H5) holds, then by a similar argument as in the proof of case (i), we see
that (2.4) holds true. This completes the proof of Lemma 2.3. 
Lemma 2.4. Let (H4) (or (H5)) hold, if x(t) is a 2π -periodic solution of (2.1)λ, then, there
exists a constant d = max{d1, d2} such that
|x|2  2|x′|2 +
√
2π d. (2.10)
Proof. Let x(t) be a 2π -periodic solution of Eq. (2.1)λ. From the proof of Lemma 2.3,
one can observe that there exists a constant t0 ∈ [0,2π] such that∣∣x(t0)∣∣ d.
Let
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{
x(t + t0 − 2π) − x(t0), 2π − t0  t  2π,
x(t + t0) − x(t0), 0 t < 2π − t0.
Then y(0) = y(2π) = 0 and y′(t) = x′(t + t0), which, together with the following inequal-
ity (see [7, Theorem 225]):
|y|2  2|y′|2 = 2
∣∣x′(t + t0)∣∣2 = 2|x′|2,
imply that
|x|22 =
2π∫
t0
∣∣x(t)∣∣2 dt + t0∫
0
∣∣x(t)∣∣2 dt
=
2π−t0∫
0
∣∣x(t − t0)∣∣2 dt + 2π∫
2π−t0
∣∣x(t + t0 − 2π)∣∣2 dt
= ∣∣y(t) + x(t0)∣∣22  (|y|2 + ∣∣x(t0)∣∣2)2  4|y′|22 + 4√2π d|y′|2 + 2πd2
= 4|x′|22 + 4
√
2π d|x′|2 + 2πd2 =
(
2|x′|2 +
√
2π d
)2
.
This completes the proof of Lemma 2.4. 
3. Main results
Theorem 3.1. Let (H0)–(H3), (H6) and (H4) (or (H5)) hold. Assume that k is even, βi < 1
(i = 1,2, . . . ,m) and A = A1. Then Eq. (1.6) has at least one 2π -periodic solution.
Proof. We shall seek to apply Lemma 2.1. To do this, it suffices to prove that the set of all
possible 2π -periodic solutions of Eq. (2.1)λ are bounded.
Let x(t) be a 2π -periodic solution of Eq. (2.1)λ. Multiplying x(t) and Eq. (2.1)λ and
integrating from 0 to 2π , we have
2π∫
0
|x(k)|2 dt + λ
2π∫
0
[−a2(k−1)|x(k−1)|2 + a2(k−2)|x(k−2)|2 + · · ·
+ a4|x′′|2 − a2|x′|2 + xf1(x)|x′|2
]
dt
= −λ
2π∫
0
m∑
i=1
xhi(x)|x′|2βi dt − λ
2π∫
0
g
(
t, x
(
t − τ(t)))x dt + λ 2π∫
0
e(t)x dt. (3.1)
From (H6), for ε = 12 [A1−L4π − b], there exists a constant N1 > d such that∣∣g(t, x(t − τ(t)))∣∣< (b + ε)∣∣x(t − τ(t))∣∣ (b + ε)|x|∞
for all t ∈ R, ∣∣x(t − τ(t))∣∣> N1. (3.2)
Set
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{
t | t ∈ [0,2π], ∣∣x(t − τ(t))∣∣N1},
E2 =
{
t | t ∈ [0,2π], ∣∣x(t − τ(t))∣∣> N1},
and
B1 = sup
{∣∣g(t, x)∣∣: t ∈ R, |x|N1}.
Then {∫
E2
∣∣g(t, x(t − τ(t)))∣∣2 dt}1/2 √2π(b + ε)|x|∞

√
2π(b + ε)(d + √2π |x′|2). (3.3)
From (H1), (2.4), (2.10), (3.1) and the Schwarz inequality, we have
(A1 − L)|x′|22  (A1 − L)|x(k)|22
 |x(k)|22 − a+2(k−1)|x(k−1)|22 − |a2(k−2)||x(k−2)|22 − · · · − |a4||x′′|22
− a+2 |x′|22 −
2π∫
0
L|x′|2 dt

2π∫
0
|x(k)|2 dt + λ
2π∫
0
[−a2(k−1)|x(k−1)|2 + a2(k−2)|x(k−2)|2 + · · ·
+ a4|x′′|2 − a2|x′|2 + xf1(x)|x′|2
]
dt
= −λ
2π∫
0
m∑
i=1
xhi(x)|x′|2βi dt − λ
2π∫
0
g
(
t, x
(
t − τ(t)))x dt
+ λ
2π∫
0
e(t)x dt
 |B|
m∑
i=1
2π∫
0
|x′|2βi dt + |e|1|x|∞ +
∫
E1
∣∣g(t, x(t − τ(t)))∣∣ · |x|dt
+
∫
E2
∣∣g(t, x(t − τ(t)))∣∣ · |x|dt
 |B|
m∑
i=1
2π∫
0
|x′|2βi dt + |e|1d +
[
B1 + (b + ε)d
]
2πd
+ [|e|1 + 2B1 + 2(b + ε)(π + 1)d]√2π |x′|2
+ 4π(b + ε)|x′|2. (3.4)2
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1
2π
2π∫
0
|x′|r dt
)1/r

(
1
2π
2π∫
0
|x′|2 dt
)1/2
for 0 r  2, (3.5)
we have
(A1 − L)|x′|22  |B|
m∑
i=1
2π∫
0
|x′|2βi dt + |e|1|x|∞ +
∫
E1
∣∣g(t, x(t − τ(t)))∣∣ · |x|dt
+
∫
E2
∣∣g(t, x(t − τ(t)))∣∣ · |x|dt
 |B|
m∑
i=1
[(
1
2π
)βi−1
|x′|2βi2
]
+ |e|1d +
[
B1 + (b + ε)d
]
2πd
+ [|e|1 + 2B1 + 2(b + ε)(π + 1)d]√2π |x′|2
+ 4π(b + ε)|x′|22. (3.6)
In view of (H6) and βi < 1 (i = 1,2, . . . ,m), (3.6) implies that there exist positive con-
stants C1 and C2 such that
|x|∞ < C1 and |x′|2 < C2. (3.7)
To estimate x′(t), multiplying −x′′(t) and Eq. (2.1)λ and integrating from 0 to 2π ,
together with (H3), (2.3) and Schwarz inequality, we have
A1|x′′|22 A1|x(k+1)|22

2π∫
0
|x(k+1)|2 dt + λ
2π∫
0
[−a2(k−1)|x(k)|2 + a2(k−2)|x(k−1)|2 + · · ·
+ a4|x(3)|2 − a2|x′′|2
]
dt
+ λ
2π∫
0
[
n∑
i=1
1
2βi + 1h
′
i (x)|x′|2βi+2
]
dt + λ
3
2π∫
0
f ′1(x)|x′|4 dt
= −λ
2π∫
0
e(t)x′′ dt + λ
2π∫
0
g
(
t, x
(
t − τ(t)))x′′ dt
+ λ
2π∫
0
f2
(
x
(
t − δ))x′(t − δ)x′′ dt

(|e|2 + √2π C3)|x′′|2 + C¯3|x′|2 · |x′′|2

(|e|2 + √2π C3 + C¯3C2)|x′′|2, (3.8)
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|x′′|2  1
A1
(|e|2 + √2π C3 + C¯3C2) := C4. (3.9)
Since x(t) is 2π -periodic, there exists a T0 ∈ (0,2π) such that x′(T0) = 0. Therefore,
∣∣x′(t)∣∣= ∣∣∣∣∣
t∫
T0
x′′(s) ds
∣∣∣∣∣√2π ·
( 2π∫
0
∣∣x′′(s)∣∣2 ds)1/2 √2π C4 := C5. (3.10)
Now, we shall estimate x(j) (j = 2, . . . ,2k − 1), multiplying x(2k) and Eq. (2.1)λ and
integrating from 0 to 2π , we have
A1|x(2k)|22 = A1
2π∫
0
|x(2k)|2 dt

2π∫
0
|x(2k)|2 dt + λ
2π∫
0
[−a+2(k−1)|x(2k−1)|2 − |a2(k−2)||x(2k−2)|2 − · · ·
− a4|x(k+2)|2 − a+2 |x(k+1)|2
]
dt

2π∫
0
|x(2k)|2 dt + λ
2π∫
0
( 2k−1∑
j=2
ajx
(j)
)
x(2k) dt
= λ
2π∫
0
[
e(t) −
m∑
i=1
hi(x)|x′|2βi − f1(x)|x′|2 − f2
(
x(t − δ))x′(t − δ)
− g(t, x(t − τ(t)))]x(2k) dt

√
2π
(|e|∞ + D1 + D2 + D3)|x(2k)|2,
where
D1 = max
{
m∑
i=1
∣∣hi(x)∣∣|x′|2βi + ∣∣f1(x)∣∣|x′|2: |x| C1, |x′|C5},
D2 = max
{∣∣f2(x)x′∣∣: |x| C1, |x′| C5},
and
D3 = max
{∣∣g(t, x)∣∣: t ∈ R, |x| C1}.
Thus, we obtain
|x(2k)|2  1
A1
√
2π
(|e|∞ + D1 + D2 + D3) := C6. (3.11)
Consequently,
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and ∣∣x(j)(t)∣∣√2π C6(√2π )(2k−1−j), t ∈ R, j = 2,3, . . . ,2k − 1. (3.12)
Therefore, for all possible 2π -periodic solutions x(t) of (2.1)λ, there exists a constant M1
such that
‖x‖ =
2k−1∑
j=0
|x(j)|∞ < M1, (3.13)
with M1 > 0 independent of λ.
If x ∈ Ω1 = {x | x ∈ KerL ∩ X and Nx ∈ ImL}, then there exists a constant M2 such
that
x(t) ≡ M2 and
2π∫
0
[
g(t,M2) − e(t)
]
dt =
2π∫
0
g(t,M2) dt = 0. (3.14)
Thus, ∣∣x(t)∣∣≡ |M2| < d for all x(t) ∈ Ω1. (3.15)
Let M = M1 + d . Set
Ω =
{
x | x ∈ X, ‖x‖ =
2k−1∑
j=0
|x(j)|∞ < M
}
.
Since N is L-compact on Ω¯ , it is easy to see from (3.14) and (3.15) that the conditions (1)
and (2) in Lemma 2.1 hold.
Furthermore, define the continuous functions Ψ1(x,µ) and Ψ2(x,µ) by setting
Ψ1(x,µ) = −(1 − µ)x − µ · 12π
2π∫
0
[
g(t, x) − e(t)]dt, µ ∈ [0,1],
Ψ2(x,µ) = (1 − µ)x − µ · 12π
2π∫
0
[
g(t, x) − e(t)]dt, µ ∈ [0,1].
If (H4) holds, then
xΨ1(x,µ) = 0 for all x ∈ ∂Ω ∩ KerL.
Hence, using the homotopy invariance theorem, we have
deg{QN,Ω ∩ KerL,0} = deg
{
− 1
2π
2π∫
0
[
g(t, x) − e(t)]dt,Ω ∩ KerL,0}
= deg{−x,Ω ∩ KerL,0} = 0.
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xΨ2(x,µ) = 0 for all x ∈ ∂Ω ∩ KerL.
Hence, using the homotopy invariance theorem, we obtain
deg{QN,Ω ∩ KerL,0} = deg
{
− 1
T
T∫
0
[
g(t, x) − e(t)]dt,Ω ∩ KerL,0}
= deg{x,Ω ∩ KerL,0} = 0.
In view of all the above discussions, we conclude from Lemma 2.1 that Theorem 3.1 is
proved. 
Theorem 3.2. Let (H0)–(H3), (H7) and (H4) (or (H5)) hold. Assume that k is even, βi < 1
(i = 1,2, . . . ,m), τ(t) ≡ τ is a constant, and A = A1. Then Eq. (1.6) has at least one 2π -
periodic solution.
Proof. Let x(t) be a 2π -periodic solution of Eq. (2.1)λ. From (H7), for ε = 12 [A1−L4 − b],
there exists a constant N1 > d such that∣∣g(t, x(t − τ))∣∣< (b + ε)∣∣x(t − τ)∣∣ for all t ∈ R, ∣∣x(t − τ)∣∣> N1. (3.16)
This, together with the definitions of B1, E1 and E2, implies that{∫
E2
∣∣g(t, x(t − τ))∣∣2 dt}1/2  (b + ε)∣∣x(t − τ)∣∣2 = (b + ε)|x|2. (3.17)
In view of (3.4), (3.16) and (3.17), we obtain
(A1 − L)|x′|22  (A1 − L)|x(k)|22
 |B|
m∑
i=1
2π∫
0
|x′|2βi dt + |e|1|x|∞ +
∫
E1
∣∣g(t, x(t − τ))∣∣ · |x|dt
+
∫
E2
∣∣g(t, x(t − τ))∣∣ · |x|dt
 |B|
m∑
i=1
[(
1
2π
)βi−1
|x′|2βi2
]
+ |e|1d +
[
B1 + (b + ε)d
]
2πd
+ [|e|1 + 2B1 + 4(b + ε)d]√2π |x′|2 + 4(b + ε)|x′|22. (3.18)
Combining (H7), (3.18) implies that (3.7) holds.
Now the proof proceeds in the same way as in Theorem 3.1. 
Theorem 3.3. Let (H2), (H3) and (H4) (or (H5)) hold. Suppose k is even, and A = A1.
Moreover, assume that one of the following conditions holds:
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F2 = sup
x∈R
∣∣f2(x)∣∣ and lim sup
|x|+∞
∣∣x−1g(t, x)∣∣= b < A − F2
2π
.
(H˜7) τ (t) ≡ τ is a constant, and there exist constants F2, b and A such that
F2 = sup
x∈R
∣∣f2(x)∣∣ and lim sup
|x|+∞
∣∣x−1g(t, x)∣∣= b < A − F2
2
.
Then Eq. (1.6) has at least one 2π -periodic solution.
Proof. Let x(t) be a 2π -periodic solution of Eq. (2.1)λ. Multiplying −x′′(t) and
Eq. (2.1)λ and integrating from 0 to 2π , we can show that (3.7) holds true. In view of
(H˜6) and (H˜7), we shall consider two cases as follows.
Case (i). If (H˜6) holds, then from (H3), (2.3) and the Schwarz inequality, we have
A1|x′′|22 A1|x(k+1)|22

2π∫
0
|x(k+1)|2 dt + λ
2π∫
0
[−a2(k−1)|x(k)|2 + a2(k−2)|x(k−1)|2 + · · ·
+ a4|x(3)|2 − a2|x′′|2
]
dt
+ λ
2π∫
0
[
n∑
i=1
1
2βi + 1h
′
i (x)|x′|2βi+2
]
dt + λ
3
2π∫
0
f ′1(x)|x′|4 dt
= −λ
2π∫
0
e(t)x′′ dt + λ
2π∫
0
g
(
t, x
(
t − τ(t)))x′′ dt
+ λ
2π∫
0
f2
(
x(t − δ))x′(t − δ)x′′ dt

2π∫
0
∣∣f2(x(t − δ))∣∣ · ∣∣x′(t − δ)∣∣ · |x′′|dt + 2π∫
0
∣∣g(t, x(t − τ(t)))∣∣ · |x′′|dt
+
2π∫
0
∣∣e(t)∣∣ · |x′′|dt. (3.19)
For ε = 12 [A1−F22 − b], from (H˜6), there exists a constant N¯1 (N¯1 > d) such that∣∣g(t, x(t − τ(t)))∣∣< (b + ε)∣∣x(t − τ(t))∣∣
for all t ∈ R, ∣∣x(t − τ(t))∣∣> N¯1. (3.20)
Set
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{
t | t ∈ [0,2π], ∣∣x(t − τ(t))∣∣ N¯1},
E˜2 =
{
t | t ∈ [0,2π], ∣∣x(t − τ(t))∣∣> N¯1},
and
B2 = sup
{∣∣g(t, x)∣∣: t ∈ R, |x| N¯1}.
In view of (3.3), (2.10), (3.19), (3.20) and the inequalities of Schwarz and Wirtinger, we
obtain
A1|x′′|22 
2π∫
0
∣∣f2(x(t − δ))∣∣ · ∣∣x′(t − δ)∣∣ · |x′′|dt + ∫
E˜1
∣∣g(t, x(t − τ(t)))∣∣ · |x′′|dt
+
∫
E˜2
∣∣g(t, x(t − τ(t)))∣∣|x′′|dt + 2π∫
0
∣∣e(t)∣∣ · |x′′|dt
 |e|2|x′′|2 + F2|x′|2|x′′|2 + B2
√
2π |x′′|2
+ (b + ε)(d + √2π |x′|2)√2π |x′′|2

[
F2 + 2π(b + ε)
]|x′′|22 + [|e|2 + (B2 + (b + ε)d)√2π ]|x′′|2, (3.21)
which, together with (H˜6), implies that there exist positive constants D1 and D2 such that
|x′′|2 < D1 (3.22)
and
|x′|2 < D2, |x|∞ < D2. (3.23)
Thus, (3.7) holds.
Case (ii). If (H˜7) holds, using a similar fashion, we can show that (3.7) also holds true.
Now the proof proceeds in the same way as in Theorem 3.1. 
Similarly to the proofs of Theorems 3.1–3.3, one can prove the following results.
Theorem 3.4. Suppose that (H0)–(H3), and (H4) (or (H5)) hold. Assume that one of the
following conditions holds:
(1) (H6) is true, k is odd, βi < 1 (i = 1,2, . . . ,m) and A = A2.
(2) (H7) is true, k is odd, τ(t) ≡ τ is a constant, βi < 1 (i = 1,2, . . . ,m) and A = A2.
Then Eq. (1.6) has at least one 2π -periodic solution.
Theorem 3.5. Let (H2), (H3), and (H4) (or (H5)) hold. Assume that one of the following
conditions holds:
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(2) (H˜7) is true, k is odd, τ(t) ≡ τ is a constant, and A = A2.
Then Eq. (1.6) has at least one 2π -periodic solution.
We are now in a position to establish the existence of 2π -periodic solutions of Eq. (1.7).
Theorem 3.6. Let (H0)–(H3), (H6) and (H4) (or (H5)) hold. Assume that k is even, βi < 1
(i = 1,2, . . . ,m), A = A3 and A¯3 > 0. Then Eq. (1.7) has at least one 2π -periodic solu-
tion.
Proof. Let x(t) be a 2π -periodic solution of Eq. (2.1)λ. Similarly to the proof of Theo-
rem 3.1, first multiplying x(j)(t) (j = 0,2,2k + 1) and Eq. (2.1)λ and integrating from 0
to 2π , together with (H0)–(H3) and (H ∗4 ) and (or (H ∗5 )), we have∥∥x(t)∥∥= 2k∑
j=0
|x(j)|∞ M1
with M1 independent of λ. Therefore, using a similar argument to the one of the proof of
Theorem 3.1, we can show that all of the conditions needed in Lemma 2.1 are satisfied.
Thus, Eq. (1.7) has at least one 2π -periodic solution. 
A similar argument leads to
Theorem 3.7. Let (H0)–(H3), (H7) and (H4) (or (H5)) hold. Assume that k is even,
τ(t) ≡ τ is a constant, βi < 1 (i = 1,2, . . . ,m), A = A3 and A¯3 > 0. Then Eq. (1.7)
has at least one 2π -periodic solution.
Theorem 3.8. Let (H2), (H3), and (H4) (or (H5)) hold. Assume that one of the following
conditions holds:
(1) Let (H0), (H1) and (H6) hold, k is odd, βi < 1 (i = 1,2, . . . ,m), A4 > 0 and A¯4 > 0.
(2) Let (H0), (H1) and (H7) hold, k is odd, τ(t) ≡ τ is a constant, βi < 1 (i =
1,2, . . . ,m), A4 > 0 and A¯4 > 0.
(3) Let (H˜6) hold, k is even, A = A3 and A¯3 > 0.
(4) Let (H˜7) hold, k is even, τ(t) ≡ τ is a constant, A = A3 and A¯3 > 0.
(5) Let (H˜6) hold, k is odd, A4 > 0 and A¯4 > 0.
(6) Let (H˜7) hold, k is odd, τ(t) ≡ τ is a constant, A4 > 0 and A¯4 > 0.
Then Eq. (1.7) has at least one 2π -periodic solution.
4. Examples and remarks
Example 4.1. Let f1(x) = 1 − x, f2(x) = 12 sinx, g(t, x(t − τ(t))) = −x1/3(t − 30)esin t ,
and e(t) = 2 cos t . Then, the following delayed Liénard equation:
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(
t, x
(
t − τ(t)))= e(t) (4.1)
has at least one 2π -periodic solution.
Proof. For Eq. (4.1), we have f1(x) = 1 − x, f2(x) = 12 sinx, g = −x1/3(t − 30)esin t ,
xf1(x) <
1
4 and e(t) = 2 cos t . It is obvious that the assumptions (H2)–(H4) and (H˜6)
hold. Hence, by Theorem 3.5, Eq. (4.1) has at least one 2π -periodic solution. 
Remark 4.1. In view of T.A. Burton [2], we can see that Eq. (4.1) is a Liénard-type equa-
tion with delay τ(t) = 30. Since f1(x) ≡ 0 and |gx(t, x)| is unbounded, the results obtained
in [1–4,6,8–18] are invalid for Eq. (4.1). On the other hand, to our best knowledge, exis-
tence of 2π -periodic solutions of (1.1) with n = 2, f1(x) ≡ 0 and g(t, x) = g(x) has not
been studied in previous works. Hence, the results of this paper are essentially new.
Example 4.2. The equation
x(8) + 10x(7) − 20x(6) + 1
2
x(4) − 10x(2) + (x − 4)|x′|8/5 + 1
4
(x − 2)|x′|2
+ x3(t − 1)x′(t − 1) + 1
17
x(t − 12)e− sin2 t = sin t (4.2)
has at least one 2π -periodic solution.
Proof. It is straightforward to check that all assumptions needed in Theorem 3.1 are satis-
fied. Therefore, Eq. (4.2) has at least one 2π -periodic solution. 
Remark 4.2. As in [1–4,9–11], the papers [13,14] study the nth order ordinary differential
equation only with one nonlinear term g(t, x). Therefore, all the results in [1–4,6,8] are
invalid for Eq. (4.2). Moreover it is easy to find that all the results obtained in [9–18] also
fail for Eq. (4.2).
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